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Abstract 

The theme of interpolation of a function with three variable values is a complex matter which implies 
major difficulties when solving it concerning its form , the grade of the polynomial interpolation and the 
number of points from the definition field .The paper presents two cases of linear  interpolation which 
may be applied when solving problems with elementary fields such as pyramidal. 

Key words: interpolation, network, division, divided differences 
 
 

Introduction 

Considering a function [ ] R→baf ,: and a division of the interval [ ]ba,  

 ( )bxxxax n =<<<<=∆ ...: 321  

for which it is known the point  ( )kkk yxA ,  with ( )kk xfy =  for  { }nk ,...,2,1∈ . 

It is asked to be determined a polynomial of the degree n named P which should approximate 
the function f on the interval [ ]ba,  so as: 

 ( ) ( )kkk xfyxP ==  for  { }nk ,...,2,1∈ . (1) 

The answer to this problem is given by the formula of Lagrange [3]: 
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or by the formula of  Newton [3] using the divided differences: 
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where the divided differences are: 
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Content 

A. Considering the field ⊂××= ],[],[],[ 332211 bababaD R 3  with the divisions 

 1121101 ......: bxxxxxax nii =<<<<<<<=∆ + ; 

 2121202 ......: byyyyyay mjj =<<<<<<<=∆ + ; 

 3121303 ......: bzzzzzaz pkk =<<<<<<<=∆ +  ,  

which determine the division:  

 321 ∆×∆×∆=∆   

for the field D , and the function →Df : R for which it is known ( ) kji
not

kji zzyxf ,,
.

,, =  , with  
{ } { }mjni ,...,1,0,,...,1,0 ∈∈  and  },....2,1,0{ pk ∈ . 

The notions of the network ∆  points notes  ( ) kji
not

kii NzyxN ,,
.

,, =  , and   

 =
.

,,

not

kjiD { }111 ,,),,( +++ ≤≤≤≤≤≤ kkjjii zzzyyyxxxzyx  , 

for { }ni ,...,1,0∈ , { }mj ,...,1,0∈  and },....2,1,0{ pk ∈ . 

Being determined a linear polynomial basis l
kjiP ,, ( },6,5,4,3,2,1{∈l ) in x , y and z which has to  

aproximate the function f on the field kjiD ,, .The field kjiD ,, is divided in six pyramidal 

subfields in the following manner: 

1
,,

.1
kji

not
DD = is determines of the points kjikjikjikji NNNN ,1,1,,,,11,,1 ;;; +++++ ; 

2
,,

.2
kji

not
DD = is determines of the points 1,1,1,,1,,1,,1 ;;; ++++++ kjikjikjikji NNNN ; 

3
,,

.3
kji

not
DD = is determines of the points 1,1,1,,,1,11,,1 ;;; +++++++ kjikjikjikji NNNN ; 

4
,,

.4
kji

not
DD = is determines of the points 1,1,,,,!,,!,1 ;;; +++++ kjikjikjikji NNNN ; 
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5
,,

.5
kji

not
DD = is determines of the points 1,1,1,,1,1,1,, ;;; ++++++ kjikjikjikji NNNN ; 

6
,,

.6
kji

not
DD = is determines of the points 1,1,1,,1,1,,1,1 ;;; +++++++ kjikjikjikji NNNN . 

Evidently, we have: l
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1
,, , and the linear polynomial l

kjiP ,,  

approximate the function f on the field l
kji

l DD ,,= , where l
kjiP ,, : →lD R for 

},6,5,4,3,2,1{∈l . 

The polynomial l
kjiP ,,  has the form: 

 ( ) ( ) ( ) ( ) δγβα +−+−+−⋅= kji
l

kji zzyyxxzyxP ,,,,  , for },6,5,4,3,2,1{∈l . (7) 

For l = 1 , we imposing the following conditions in the nodes of pyramid 1D . 
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It is obtained a system in the unknowns δγβα ,,,  . Solving the system (8) and using the 
notations from [4] it is obtained: 

 



















=
−

−
=

=
−

−
=

=
−

−
=

=

++
+

+++

++
+

+++

+
+

+

.];,;[

;],;;[

;];;,[

;

11
1

,,1,1,1

11
1

,,11,,1

1
1

,,,,1

,,

kjji
jj

kjikji

kkji
kk

kjikji

kjii
ii

kjikji

kji

zyyxf
yy

uu

zzyxf
zz

uu

zyxxf
xx

uu

u

β

γ

α

δ

 (9) 

Replacing in (7) it is obtained: 

 ( ) ( ) ( )+−⋅+−⋅= +++ jkjjiikjiikji yyzyyxfxxzyxxfzyxP ];,;[];;,[,, 111
1

,,  

 ( ) kjikkkji uzzzzyxf ,,11 ],;;[ +−⋅+ ++ , for ( ) 1,, Dzyx ∈ , (10) 

and represents interpolation polynomial of the function f on the field 1D . 

For l = 2 , we imposing the following conditions in the nodes of pyramid 2D :  
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It is obtained a system in the unknowns δγβα ,,,  . Solving the system (11), using the notations 
from [4] it and replacing in (7) it is obtained: 

 ( ) ( ) ( )+−⋅+−⋅= +++++ jkjjiikjiikji yyzyyxfxxzyxxfzyxP ];,;[];;,[,, 11111
2

,,  

 ( ) kjikkkji uzzzzyxf ,,1],;;[ +−⋅+ + , for ( ) 2,, Dzyx ∈ , (12) 

and represents interpolation polynomial of the function f on the field 2D . 

For l = 3 , we imposing the following conditions in the nodes of pyramid 3D : 
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It is obtained a system in the unknowns δγβα ,,,  . Solving the system (13), using the notations 
from [4] and replacing in (7) it is obtained:  
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 ( ) kjikkkji uzzzzyxf ,,111 ],;;[ +−⋅+ +++  , ( ) 2,, Dzyx ∈ , (14) 

and represents interpolation polynomial of the function f on the field 3D . 

For l = 4 , we imposing the following conditions in the nodes of pyramid 4D :  
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It is obtained a system in the unknowns δγβα ,,,  . Solving the system (15), using the notations 
from [4] and replacing in (7) it is obtained: 

 ( ) ( ) ( )+−⋅+−⋅= +++ jkjjiikjiikji yyzyyxfxxzyxxfzyxP ];,;[];;,[,, 111
4

,,  

 ( ) kjikkkji uzzzzyxf ,,11 ],;;[ +−⋅+ ++ , for ( ) 4,, Dzyx ∈ , (16) 

and represents interpolation polynomial of the function f on the field 4D . 

For l = 5 , we imposing the following conditions in the nodes of pyramid 5D :  

 
















=

=

=

=

++++++

++++

++

.1,1,1111
5

,,

;,,
5

,,

;1,1,11
5

,,

1,,1
5

,,

),,(

),,(

),,(

;),,(

kjikjikji

kjikjikji

kjikjikji

kjikjikji

uzyxP

uzyxP

uzyxP

uzyxP

 (17) 

It is obtained a system in the unknowns δγβα ,,,  . Solving the system (17), using the notations 
from [4] and replacing in (7) it is obtained: 

 ( ) ( ) ( )+−⋅+−⋅= +++++ jkjjiikjiikji yyzyyxfxxzyxxfzyxP ];,;[];;,[,, 11111
5

,,  

 ( ) kjikkkji uzzzzyf ,,1],;;[ +−⋅+ +    , for ( ) 5,, Dzyx ∈  (18) 

and represents interpolation polynomial of the function f on the field 5D . 

For l = 6 , we imposing the following conditions in the nodes of pyramid 6D : 
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It is obtained a system in the unknowns δγβα ,,,  . Solving the system (19), using the notations 
from [4] and replacing in (7) it is obtained:  
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 ( ) kjikkkji uzzzzyxf ,,11 ],;;[ +−⋅+ ++ , for ( ) 6,, Dzyx ∈  (20) 

and represents interpolation polynomial of the function f on the field 6D . 
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The polynomial basis l
kjiP ,, ( },6,5,4,3,2,1{∈l ) interpolates the function f on the field
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,, , with { }1,...,1,0 −∈ ni  , { }1,...,1,0 −∈ mj  and },....2,1,0{ pk ∈ . 
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with { }1,...,1,0 −∈ ni  , { }1,...,1,0 −∈ mj  and },....2,1,0{ pk ∈ . 

In the particular case when the divisions 1∆  , 2∆ and 3∆  are equidistant, namely: 
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then , the  error made when the function f replaced by the polynomial kjiP ,,  given by (21) is: 
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B. Taking intro account the case in which D is an elementary field, there is 11 ba ≤ ;  22 ba ≤ ; 

33 ba ≤ , so  D 'D⊆ =  ⊂×× ],[],[],[ 332211 bababa R 3  . For the field  'D   we consider the 
division  321 ∆×∆×∆=∆  from the case A .The nodes of the division ∆  may be: 

inner nodes if   ∈kjiN ,, D ; 

outer nodes if   ∈kjiN ,, −'D D , for  { }ni ,...,1,0∈ , { }mj ,...,1,0∈  and },....2,1,0{ pk ∈ . 

We continue the function f : D →R on the field  'D  this way →': Df  R with : 
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For the function f  we apply the theoretical results from the previous case. 

Conclusions 

The paper presents two cases of interpolation of a function with three variable values, with 
grade one polynomial and determines the linear interpolation on pyramidal subfields this being 
the most frequently used method of interpolation. 
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Interpolarea liniară a funcţiilor                                                  
cu trei variabile cu noduri simple 

Rezumat 

Problema interpolării unei funcţii de trei variabile este o problemă care prezintă dificultăţi majore în 
rezolvare în funcţie de formă, gradul polinomului de interpolare şi de numărul punctelor din domeniul de 
definiţie. În lucrare sunt prezentate două cazuri de interpolare liniară cu aplicabilitate mare în probleme 
cu domenii elementare de tip piramidă. 

 
 


