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Abstract

The theme of interpolation of a function with three variable values is a complex matter which implies
major difficulties when solving it concerning its form , the grade of the polynomial interpolation and the
number of points from the definition field .The paper presents two cases of linear interpolation which
may be applied when solving problems with elementary fields such as pyramidal.

Key words: interpolation, network, division, divided differences

Introduction

Considering a function f :[a,h] — R and a division of the interval [a,b]
A:(xl =a<xy <x3<..<Xxy =b)
for which it is known the point Ay (xx,yx ) with y; = f(x; ) for ke{l,2,...,n}.

It is asked to be determined a polynomial of the degree n named P which should approximate
the function f on the interval [a,5] so as:

P(xg)=yi = f(x) for kefl2,.,n}. €))

The answer to this problem is given by the formula of Lagrange [3]:

4 Or (%)
P = _— 2
) kZ::1 Yk O (xx ) @)

where

0k (x) =22 and olx)=[T(x-x) 3)

="

i=l

or by the formula of Newton [3] using the divided differences:
P(x) = P(f3x1, %0000 X3 %) = [ ]+ vt 2] (=20 ) + flxg, 00,33 ]

4
-(x—xl)(x—x2)+...+f[xl,xz,...,xn]-(x—xl )(x—x2 )...(x—xn_l) ( )
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where the divided differences are:

Al s o) and gl | = H o L 2 ®
X1~ Xk
or
f[xl,xz,...,xk]ZJ.Oldtl U()tl dty (...Iotk_z f(k_l)(xl +1 (x2 —x1)+...+tk_1 (xk — X1 ))dtk_l...\D 6)
Content

A. Considering the field D =[ay,b1]x[an,by ]x[a3,b3]c R with the divisions
Al:ixg=a1 <x] <Xxp <..<X;<Xj1]1<..<X, =b1;
Ap:iyg=ap <y1 <y <..<y;j<yj41 <-.<ym=by;
Ajizg=a3<z1<z)<.<zZp <Zy] <..<zp =b3,
which determine the division:
A=Ay xAy xAj

not.

for the field D, and the function f": D — R for which it is known f(xi,yj,zk) = zj jk > with
ie{0l,...n}, je{0l,.,m}and ke{0,2,..p}.

not.
The notions of the network A points notes N(x;, yl-,zk) = Nj jk »and

D, ;, z {(x,y,z)|xl. SX<X .Y, SYy<y,, .2, 5z SZM},
for i e {0,1,...,n},j € {O,l,...,m} and k €{0,1,2,....p}.
Being determined a linear polynomial basis Pll’ ik (/1€{1,2,3,4,5,6,}) in x , y and z which has to
aproximate the function f on the field Di,j, k.The field Di,j, kis divided in six pyramidal

subfields in the following manner:

not.
pl _ Dz{j,k is determines of the points Ny j k+1:Ni+1, k3 Ni, j.ks Nitl, j+1,k 5

not.
D2 _ Dz%j,kis determines of the points N1 ; k+1: N j k+13Ni j ks Nitl, j+1,k+15

not.
3 3 : : ) . . .
D7 = Di,j,k is determines of the points N1 j k413 Nit1, j+1,k3 Ni, j ks Nitl, j+1,k+15

not.
DY _ D;fj,kis determines of the points Nit1, j+l ks Ny jel ks Niy j ks Niy j+Lk+15
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not.
DY _ Dij,kis determines of the points N; ; 113 N; j+1,k+13Ni, j ks Nitl, j+1,k+15

6 not. 6 ) . )
D" = Di,j,kls determines of the points N; i1 41,45 Ni j+1,k+15 Vi, j k3 Nitl, j+1L,k+1-
6 6 I
Evidently, we have: D. ., =D; ., =D", and the linear polynomial P .
i,j,k Pt i,j,k Pt i,j,k

approximate the function f on the field DZ:DZ?J. K where Pilj P D! SR for
1€{1,2,3,4,5,6,}.

The polynomial Pl.l ik has the form:

Plorz)=a o)+ o=y e rle—24)+ 6 for 1e1234563. ()

For /=1, we imposing the following conditions in the nodes of pyramid p'.
1 .
Bk (Kiels Y o Zk 1) = Uit j k41 3

1 j—
Pi,j,k(xl+1°yj’zk)_ui+1,j,k ; ®)
pl (X;,yj,zk)=u

ik i Y o ik

s

1 —
})i,j,k(xl+l’yj+l’zk)_ui+l,j+l,k .

It is obtained a system in the unknowns «,f,7,0 . Solving the system (8) and using the
notations from [4] it is obtained:

S=ujjk
u.+19 .’k _u.7 .7k
a=—"1 o = fTxi: X150 32k ]
Xi+l =X
Uil jk+1 ~Uitl, jk ®
y= =fIxi+15Y 52k 2k +11 5
Zk+1 — %k
Uit], j+1,k — Ui+, ),k
B= =fIxis13Y 554152k ] -
Yi+l1 = Vj

Replacing in (7) it is obtained:
p! (v, 0.2)= flxpxie 1y iszi - (k=X )+ fIXi 015V 72V i4132 ]-( - ~)+
i, j k%Y P Xi+l1>Y 2k i i+1:Y Y+ 2k 1\ =V
cyy e 1
+ fTxie15 32k 2k 411 (2= 25 )+ j i for (x,,2)e D7, (10)
and represents interpolation polynomial of the function f on the field D'

For /=2, we imposing the following conditions in the nodes of pyramid D?:
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5 .
])l'9j,k(xl'+layj’zk+1) = ui+1:jsk+1 ’

2 —_
Pas G k) = an

2 _
Bja vz =u, 0

2 _
By il Vil 2k ) S 8y

It is obtained a system in the unknowns «, ,7,0 . Solving the system (11), using the notations
from [4] it and replacing in (7) it is obtained:

I’i,zj,k(x,y,Z)=f[xi,xi+1;yj;2k+1]-(x—xi)+f[xl~+1;yj,yj+1;2k+1]-(y—yj)+

+ fIxisy jszkszkr1]- (2 = 2g )+ ug j i for (x,.2)e D?, (12)
and represents interpolation polynomial of the function f on the field D2,
For /=3, we imposing the following conditions in the nodes of pyramid D3
P}?j’k(leaJ’jaZkH):”i+1,j,k+1 ;

3
By el Y 2k ) =8,y g

; (13)
B Gy jp 2 =u; g

5

3 . . =
By Wil Y b2k =8y

It is obtained a system in the unknowns «, £,7,0 . Solving the system (13), using the notations
from [4] and replacing in (7) it is obtained:

3 (Zk+1 =2V j+1 =Y ))
%’j,k(x’y’z)=(— R Si15Y 5V j+15 2k k1 1+ fIxis X139 32k D -
i+1 — A
'(x—xj)Jr f[xi+l§yj»y]'+l;zk+l]'(y_J’j)"‘
. . 2
+ fIxi15Y a2k 2k1)- (2= 2 )+ ug j g - (n,y.2)e D7, (14)

and represents interpolation polynomial of the function f'on the field D3,

For /=4, we imposing the following conditions in the nodes of pyramid Dp*:
4 .
f)l"j,k(xl'-i'l’yj-i'!’zk) Uil j+L,k >

4 p—
B Koy jetoZi) =t oy (15)
P (xiyiizp)=u
Gk Y )=

s

4 —
B KoY jr ks D=ty 4y
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It is obtained a system in the unknowns «, £,7,0 . Solving the system (15), using the notations
from [4] and replacing in (7) it is obtained:

4

Pi’j’k(x’%z)zf[xisxi+IQJ’j+l;Zk]'(x_xi)"‘f[xi;y]'ayjﬂ;zk]'(y_J/j)"'

4
+ f1xi3 5 152k zk ) (2= 25 )+ uy j g for (v, ,2)e D7, (16)
and represents interpolation polynomial of the function f'on the field D*.
For /=5, we imposing the following conditions in the nodes of pyramid D>:
5 .
Pi,j,k (x; Vi Zk41) = Ui jk+1 >

5 T =
Bk (XisY j+1>Zk+1) “H Lk

; (17)
By iy 2k =u;

5 . . =
Pi,j,k(lerl’nyrl’ZkH) ”i+1’j+1,k+l .

It is obtained a system in the unknowns «, £,7,0 . Solving the system (17), using the notations
from [4] and replacing in (7) it is obtained:

Pi,sj,k(x,y,z)=f[xl',xz'+1;yj'+1;2k+1]'(x—xi)+f[Xi;yj=yj+l;Zk+1]'(y—yj)+

5
+ 155732k 2k1)- (=2 )+ uy j i for (v,,2)eD (18)
and represents interpolation polynomial of the function f on the field D>.

For / = 6, we imposing the following conditions in the nodes of pyramid Db
6 .
Pi,j,k (xi+1aJ’j+laZk+1) UL j+ L+ >

6
Pi,j,k(xi+1’yj+1’zk):ui+1,j+1,k ;

. (19)
By @iy 2=ty g

s

6 _
iy i Yl Zhe D=8, 5y

It is obtained a system in the unknowns «, ,7,9 . Solving the system (19), using the notations
from [4] and replacing in (7) it is obtained:

Pl',6j,k(x’y’z)=f[xioxi+1;J/j+1;Zk+l]'(X—xl')+

(- Gkt Z 2 %)

S X 15 ja 152k 21 1+ STxisy oy a2k D -1 =y ) +
Yi+1 = Yj

6
+ fTxip15Y 32k 2k 1 (2= 25 )+ j i for (x,3,2)e D (20)

and represents interpolation polynomial of the function f on the field DS,
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The polynomial basis Pl.lj k(le{l,2,3,4,5,6,}) interpolates the function f on the field

6 6
! [ .
Dy = ZL—)IDi’j’k :lL_JID ,with i € {0,1,...n =1} , j € {0,1,...,m —1} and k € {0,1,2,....p} .
1

Pl ar.2) for (xy.2)eD (10)
P? Dp? (2

i’jjk(xayaz) fO”' (xay’z)e ( )
P’ D3 (4

l',j’k(xayﬂz) fOV (xnyaz)e ( )

Pi’j’k(x,y,z)= 21

P} (r.2) for (xy.2)eD* (16)

P, ¢ (p2) for (xy.2)eD> (18)

P, ((.2.2) for (x.y.2)eD® (20)

with i €{0,1,...n =1} , j€{0,1,...m -1} and k € {0,1.2,...p} .
In the particular case when the divisions Aj , A and A3 are equidistant, namely:

b3 —a3
P

b -q by —ay

Xivl =X =

=h ,yj1-Vj= =hy , Zp41—Zk = =h3,

with ie {0,1,...,n - 1} ,J € {0,1,...,m - 1} and ke{0,1,2,....p} and using the divided differences,
then , the error made when the function freplaced by the polynomial F; jk given by (21) is:

er =|f (3 2) = Pk (a2 €2 My 2 + kg + 02 by + iy ks ) 22)

where:
*f 10%f 10°f |2 f .
Ml _(xl:f/l,g))e(D{ axz (xayaz) say_z(xayaz)a aZZ (xayaz)b axay (X,y,Z) >
*f 1o°f
= (x,3,2)]; v (x,»,2)|}

B. Taking intro account the case in which D is an elementary field, there is a) <by; ap <by;

ay<bz,so Dc D= [al,bl]x[az,bz]x[a3,b3]cR3 . For the field D we consider the
division A =Aj xA, x Az from the case A .The nodes of the division A may be:

inner nodes if N; ; €D

outer nodes if Ni,j,k € D’ —D, for ie {O,l,...,n},j IS {O,l,...,m} and k£ €{0,1,2,....p}.

We continue the function f: D — R on the field D' this way 7 :D — R with :



16 Tanase Dinu

F(N; )= 0 if Njjk is an outer node ,
l’]’ -

S(Nij k) if Nijj is an inner node .

For the function 7 we apply the theoretical results from the previous case.

Conclusions

The paper presents two cases of interpolation of a function with three variable values, with
grade one polynomial and determines the linear interpolation on pyramidal subfields this being
the most frequently used method of interpolation.
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Interpolarea liniara a functiilor
cu trei variabile cu noduri simple

Rezumat

Problema interpolarii unei functii de trei variabile este o problema care prezinta dificultati majore in
rezolvare in functie de forma, gradul polinomului de interpolare si de numdrul punctelor din domeniul de
definitie. In lucrare sunt prezentate doud cazuri de interpolare liniard cu aplicabilitate mare in probleme
cu domenii elementare de tip piramida.



